Abstract. Sperner's lemma is a statement about labeled triangulations of a simplex. McLennan and Tourky (2007) provided a novel proof of Sperner's Lemma by examining volumes of simplices in a triangulation under time-linear simplex-linear deformation. We adapt a similar argument to prove Tucker's Lemma on a triangulated cross-polytope P . The McLennan-Tourky technique does not directly apply because this deformation may distort the volume of P . We remedy this by inscribing P in its dual polytope, triangulating it, and considering how the volumes of deformed simplices behave.
Introduction
Sperner's Lemma is a combinatorial result that is equivalent to the Brouwer fixed point theorem and has many useful applications in mathematics and economics, including Nash's proof of his famous equilibrium theorem [7] . Consider an d-dimensional simplex S with a triangulation, i.e., a subdivision into smaller simplices that meet face-to-face or not at all. Sperner's Lemma states that if such a triangulation has a Sperner labeling (each vertex is labeled by one of the vertices of S that span the minimal face that the vertex is on), then there exists an odd number of fully-labeled simplices (ones whose vertices have distinct labels).
Recently, McLennan and Tourky [5] gave a novel proof of Sperner's Lemma based on the following facts:
(1) A triangulation remains a triangulation under a small perturbation that keeps each vertex in its minimal face. Given a Sperner-labeled triangulation of a simplex, they construct a continuous deformation that moves each vertex of the triangulation linearly in time to the vertex of S that it is named after. By Fact (1), for small t the sum of deformed volumes of all simplices is equal to the total volume of S, so the sum is constant for small t. By Fact (2) , this volume sum is also a polynomial in t because the volume of each deformed simplex is the determinant of a matrix whose entries are linear in t. By Fact (3) the volume sum remains constant for all t, hence at t = 1 it is also non-zero and represents the sum of volumes of all deformed simplices. Thus some deformed simplex has non-zero volume, which means it was originally a fully-labeled simplex (because non-fully-labeled simplices become degenerate under the deformation). In fact, there must be one more fully-labeled simplex of positive volume than of negative volume, which implies that the number of fully-labeled simplices is odd.
While there are many proofs of Sperner's lemma (e.g., see [10] ), the novelty of the McLennan-Tourky approach is that it uses a geometric volume argument rather than an inductive combinatorial argument to find the desired fully-labeled simplex. In this paper, we show that this approach can be used to prove another classical lemma from topological combinatorics. Like Sperner's lemma, Tucker's Lemma [3, 11] is a combinatorial analog of a topological theorem, in this case, the Borsuk-Ulam theorem. It also has beautiful connections to other well-known results in mathematics and economics, such as the ham sandwich theorem, necklace-splitting problems [6] , and fair division problems [9] .
Su is the corresponding author. Email: su@math.hmc.edu. This work was conducted during the 2015 Mathematical Sciences Research Institute Undergraduate Program (MSRI-UP), supported by grants from the National Science Foundation (DMS 1156499) and the National Security Agency (H98230-15-1-0039). We also thank Duane Cooper for his encouragement.
Let e i denote the standard unit basis vector in R d (with 1 in the i-th coordinate and 0 in every other coordinate) and define e −i = −e i . Let P denote the d-dimensional cross-polytope, the convex hull of the 2n
Theorem 1 (Tucker's Lemma [11] ). Let T P be a triangulation of the d-dimensional cross-polytope P whose restriction to the boundary ∂P is antipodally symmetric: if σ is a simplex in ∂P , then −σ also is a simplex. Suppose that T P has a Tucker labeling: each vertex v of T P is assigned a label (v) in {±1, ±2, ... ± d} such that antipodal vertices in ∂P have labels summing to zero. Then there is an complementary edge: a pair of adjacent vertices in T P have labels summing to zero. Figure 1 . A Tucker labeling of the cross-polytope P must have a complementary edge.
Although the cross-polytope P in Tucker's lemma is convenient for our purposes, the result holds if P is any centrally symmetric object topologically equivalent to a ball. Tucker [11] established his lemma for a triangulated 2-dimensional ball, and Lefschetz [3] gave a general proof for a d-dimensional ball. Baker [1] developed a cubical version. Freund-Todd [2] gave the first constructive proof of Tucker's lemma by using a path-following argument on a cross-polytope. Prescott-Su [8] obtained a different constructive proof on a triangulated ball that proves also the more general Fan's lemma.
At first glance, it may seem that the McLennan-Tourky approach can be directly applied to prove Tucker's Lemma-just deform the Tucker-labelled triangulation by moving every vertex to the extreme point with the same label. However, such a deformation, even for small time intervals, is not guaranteed to cover P , so the sum of the volumes of the deformed simplices will not necessarily remain constant. This is the new challenge that didn't exist with Sperner's lemma.
We avoid this problem by placing the cross-polytope P inside a larger polytope C and applying the McLennan-Tourky technique to C. The deformation we construct will continue to cover C for an open t-interval, so the total volume of the simplices remains constant and equal to the total volume of C even after the deformed simplices no longer form a triangulation. We observe what happens inside P . A volume argument will show that if the boundary of P has no complementary edges, then the interior of P must be covered by deformed simplices of P at time t = 1. The only way P can be covered by simplices is if one of them had two labels that summed to zero. This would yield the desired complementary edge. The goal of this paper is to demonstrate how to make this intuition precise.
Volume Sums
(1) time-linear : ∆ T (t, x) is linear in t, with ∆ T (0, x) = x, and (2) simplex-linear : ∆ T (t, x) is linear in x when restricted to a simplex in T .
We use ∆ T (t, σ) to denote the image of a simplex σ at a particular time t. For a deformation ∆ T , we can define the volume sum
which is the sum of the d-dimensional volumes of deformed simplices as a function of time. Throughout the paper the term volume will mean signed volume that takes orientation into account, so that at time t = 0 all simplex volumes are non-negative. For notational simplicity we write the sum over all simplices of T , though the only non-zero terms in the sum will come from d-dimensional simplices of T . This volume sum can be defined similarly for any subtriangulation of T .
McLennan
The observation follows immediately from Facts (1), (2), and (3) above and is proved in [5] .
Tucker's Lemma
As in the hypothesis of Tucker's lemma, let P be a d-dimensional cross-polytope and ∂P its boundary, endowed with:
(1) a triangulation T P that is symmetric on ∂P , and (2) a labeling : V (T ) → {±1, ..., ±d} that is anti-symmetric on ∂P : antipodal vertex labels sum to zero, i.e., (−v) = (v) for each vertex v ∈ ∂P ∩ V (T ). The d-dimensional cross-polytope P has 2d extreme points that come in complementary pairs: e +i , e −i for i = 1, ..., d. It also has 2 d facets, each spanned by d extreme points formed by choosing exactly one of each complementary pair.
e −2 e −1 Figure 2 . A triangulation T P of a diamond (2-dimensional cross-polytope) P extended to a triangulation T of a square C.
Embed P in the interior of some polytope, which we may as well take to be the dual polytope of P , a cube C large enough to enclose P . Figure 2 shows the situation for dimension 2, and Figure 3 shows the situation for higher dimensions. Extend the triangulation T P of P to a triangulation T of C in any convenient way.
Consider a deformation ∆ T : [0, 1] × C → C defined on vertices of the triangulation T as follows:
and define ∆ T (t, x) for any x ∈ C by linear extension. Then ∆ T is both time-linear and simplex-linear, and it fixes the boundary of C. At t = 0, it is easy to see that ∆ T is the identity on all of C. If there are no complementary edges in T P , then as t runs from 0 to 1, the simplices of T P collapse onto whole facets of ∂P , Figure 3 . Embedding a cross-polytope P in a cube C.
since vertices in T P map to the extreme points of P . The simplices outside P may deform but the boundary of C is fixed. So the McLennan-Tourky observation applies; the volume sum S T (t) remains constant over [0, 1] and equal to vol(C). Now we consider a slightly different labeled triangulation of P , which we denote by T * P : it has exactly the same labeled triangulation structure on ∂P as T does, but only one vertex e 0 in the interior of P , placed at the origin and labeled 0. All maximal simplices of T * P are cones from e 0 to the simplices in ∂P . See Figure  4 .
e −2 e −1 e 0 Figure 4 . A triangulation T * P of P , extended to a triangulation T * of C.
Extend T * P to a triangulation T * of C in the exact same way as we extended T P to T so that on E = C \ int(P ), the triangulation T * is identical to T . For convenience later, we denote the restrictions of T and T * to E by T E and T * E , respectively, and note that T E = T * E . The deformation ∆ T * : [0, 1] × C → C can be defined as before:
P ) on vertices of T * , then we can extend the definition linearly over simplices. Then ∆ T * is both time-linear and simplex-linear and fixes the boundary of C. At t = 0, ∆ T * is the identity on C. And as t runs from 0 to 1, the deformation ∆ T * will keep e 0 fixed and move vertices in ∂P to one of the extreme points of P . The simplices outside P deform but the boundary of C is fixed. Thus the McLennan-Tourky observation applies and the volume sum S T * (t) remains constant over [0, 1] and equal to vol(C). Now compare these two deformations ∆ T and ∆ T * . In both cases, their volume sums over C are equal, having remained constant at vol(C) as time runs from 0 to 1. So S T (t) = S T * (t) = vol(C). Breaking up the volume sums into sums over triangulations in E and P we have:
In both cases the volume sums over E may not remain constant, but because T and T * are deforming in exactly the same way, i.e., ∆ T = ∆ T * on E, we see that their volume sums stay equal: S T E (t) = S T * E (t). Hence, the volumes sums over P must remain equal, and in particular, at time t = 1:
The following proposition shows the conclusion of Tucker's lemma holds if we show S T P (1) = 0.
Proposition 3. If S T P (1) = 0, then T P contains a complementary edge.
Proof. If the volume sum S T P (1) = σ∈P vol(∆ T P (1, σ) ) is non-zero, then at least one of the terms is nonzero: there must exist a simplex σ whose deformed volume at time 1 is non-zero. This can only happen if the vertices of σ have d + 1 distinct labels. These are chosen from d complementary pairs of labels, so σ must have a complementary edge.
So it will suffice to show S T * P (1) = 0. We consider T * P instead of T P for reasons that will be clear shortly.
We will appeal to the use of the degree of a simplicial map of spheres. It is a standard fact that every simplicial map f of a d-dimensional sphere with triangulation K to a d-dimensional sphere with triangulation L has a well-defined integer associated with it, called the degree of f . We review that briefly here. For any d-dimensional simplex σ in L, let p(σ) be the number of pre-images of σ under f that map to σ with positive orientation (the outside of the sphere maps to the outside of the sphere), and let n(σ) be the number of preimages of σ under f that map to σ with negative orientation (the outside of the sphere maps to the inside of the sphere). Then the quantity p(σ) − n(σ) is called the degree of f because it is independent of σ. This can be seen by noting that if σ and τ are adjacent d-simplices in L sharing a common (d − 1)-face γ, then their pre-images of σ and τ in K are matched by paths of d-dimensional or (d − 1)-dimensional simplices in K that are pre-images of γ. Pre-images of σ that are matched to each other will map to σ with opposite orientation so they contribute nothing to the sum p(σ) − n(σ). Similarly, pre-images of τ that are matched to each other will map to τ with opposite orientation and contribute nothing to the sum p(τ ) − n(τ ). What remains are pre-images of σ that are mapped to pre-images of τ with the same orientation. So p(σ) − n(σ) = p(τ ) − n(τ ) and the degree of f is well-defined. So f has a well-defined degree deg(f ), which is the multiplicity of the preimages of any simplex σ, counted with orientation signs. (Our figures show examples for a 2-dimensional cross-polytope P , and here the degree of f on the 1-dimensional boundary of P just becomes the winding number of T ∂P around T The Tucker labeling condition causes f : T * ∂P → T
• ∂P to be antipode-preserving, and it is a well-established fact the degree of such maps is odd (e.g., see Lefschetz [3] or Matoušek [4] ). But since an odd integer and vol(P ) are both nonzero, this means that S T * P (1) is nonzero, as desired.
We remark that the purpose of introducing the triangulation T * P was to make the connection apparent between deg(f ) and the volume sum S T * P (1), since the connection of deg(f ) to the volume sum S T P (1) is not so clear.
Propositions 3 and 4 together with the observation S T P (1) = S T * P (1) provide a proof Tucker's lemma in any dimension, as desired.
